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Summary: This paper shortly shows dynamics torsion system simulation of 

railway drive vehicle. The cooperation cases of adhesive characteristics with drive 
motor characteristics behind downgrade adhesive conditions they are simulation and 
influence on all system dynamics is analyzing.  

The formulation of problem 
The objective of simulation calculations is the identification of dynamic 

transitional actions at torsion wheelset drive system. The significant influence of the 
adhesive characteristics and drive motor moment characteristics is predicted. The 
solution considered of the simplified dynamic model making, make-up the equations 
of motion, numeric method programming for time simulation calculations, nonlinear 
adhesion model implementation, driving moment model implementation. 

1. Model of wheelset drive with joint shaft inside the hollow rotor 
The electric locomotive Skoda class 150 is DC locomotive for supply voltage 

3000 V, with maximum power 3 MW, maximum speed 140 km/h, with DC series 
motor, regulated by resistances. The drive of wheelset is by joint shaft inside hollow 
rotor of tractive motor. Stator is stationary mounted at bogie frame. Gearbox is beared 
at the axle and hang at bogie frame. 
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Fig. 1 Electric locomotive SKODA with joint shaft inside the hollow rotor and detail section  

 
Fig. 2 Model of wheelset drive with joint shaft inside the hollow rotor – locomotive Skoda 150 

The equation of motions was build by Lagrange 2th type equation method. For 
separately masses and coordinates has this form: 

The ¼ mass of body case (coordinate zs): 
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The ½ mass of bogie (coordinate zp): 
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Wheelset and reduced mass of rail and gear box (coordinate zk): 
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Rotor (coordinate ϕr): 
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Gear box (coordinate ϕt): 
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Wheelset (coordinate ϕd): 
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For simulation calcullation and programming the numerical solver by final 
differences method is necessary of transform these equations to reducted shape, 
according to Newton´s notice form as: 
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== 1ϕ&&, resp.  for rotation degrees of freedom. 

The forces and moments of bindings, deformation of bindings and velocities of 
deformation of bindings are computed separatelly.  

The adhesion moment function between wheelset and rail and it´s given by 
tangencial forces that function at wheel perimeter. We ask functional dependence of 
angular speed of wheelset ( )da fM ϕ&= . 

Tangencial forces between wheels and rails go out from so-called adhesion 
model, or adhesion mechanism. There is complicated phenomenon and is solwed 
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many authors how exact, so experimentally. The basic is relationship between normal 
force Q, tangential force T and adhesion coefficient μ is μ⋅= QT . 

The adhesive mechanism, using at these thorsional model, make use of theory 
of [1] and experimantal work of [2]. The distribution of stress don´t ellipsoid, 
according to Hertz contact theory, but section of the ball. The stress distribution is 
composite from 2 bodies: section of roller V1 and section of ball V2. 

 
Fig. 3 Illustration of principle of the adhesive mechanism 
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Adhesion coefficient: 
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 Q …. vertical wheel force, 
 a ….. head half-axis of strike ellipses, 
 K …. constant of elasticity of wheel and rail surfaces, that has influence 

at characteristic slope. According to [1], [2] and according to prof. Polach – Research 
center Bombardier Transportation [3]. 

The slope of adherence zone of adhesion curve is possible computed from 
reffered model as: 
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Interesting is coparison this model with Kalker´s theory [2]. The Kalker 
coefficient c11 has the same relation as the cμs.  
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Fig. 4 Illustrative diagram of adhesion characteristic and its zones 

Very significant at adhesion model is friction coefficient, that is not constant 
but dependence on creep velocity and adhesion conditions of adhesive surfaces. 

The hypothesis about connection adhesion curve to friction curve was 
experimentaly validate many authors. The shape of friction curve we can 
approximation by function: 

 20
1 kekf wk +⋅= ⋅−

The coefficients it can determine by experiments. The k0 = fmax maximum 
friction coefficient and coefficients k1, k2 represent qualite of adhesive surfaces. The 
similar relations present for example [3]. The coefficients for normal conditions was 
determine according by much experimental measureds and statistical evaluation 
according to [2] as:  

 

 1250750 ,eff w,
max +⋅= ⋅−
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Fig. 5          Courses of � = f(s, fmax);      Courses of � = f(s, K);          Courses of � = f(s, fmax, K) 
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Fig. 6 The adhesive coefficient dependence on creep, speed, friction coefficient and steepness 

Picture at fig. 7a shows working adhesive characteristics course of moment Ma. 
Depiction serves among others for checks of rightness algorithm function. Course is 
comparable with measured real characteristics shape (fig. 7b) according authors [2], 
[3] with typical unstability bifurcations on zone of slip. 

The traction moment function at rotor of traction motor. We ask functional 
dependence at angular speed of rotor ( )rm fM ϕ&= . 

Traction moment is also dependence at electric parameters of motor, power 
supply and regulation. Model of electric part of drive is very dificult. For simply 
solving is possible using the linearization around of working point, because 
transitional actions orginate at relative small intervals of characteristics. 

 
Fig. 7a Working characteristics of model  Obr. 7b Shape of measured real characteristics 

The linear dependence is very real in case of direct-current motor with 
separately exciting. The constant k signifies maximal value of drive moment and k1 2 
signifies the steepness. Moment characteristics of electric engine is: 

 rm kkM ϕ&⋅−= 21

For precision simulations we must modelling real shape of characteristics and 
look at dependence of traction moment at electric parameters and electrical network 
dynamics. 
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The equation of circumference engagement of direct series motor are according 
to literature, for example [4] or [5]: 

rss iCk
dt
diLiRU ϕφ &⋅⋅⋅+⋅+⋅= ∑∑  

 2iCkM ssm ⋅⋅= φ

The adjustment of equation is necessery, so that we obtain the record of 
equation, formally the same with Newton´s form of equation of motion by reason of 
using numerical methods. We ask the dependence of elektromotor moment on rotor 
angular speed and electric parameters. The first equation will be after adjustment, that 
faces to use of the final differences method for numerical solution of time derivation 
we reduct to form: 
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The difference of current is introducted from last iteration step. The incorrectness 
is insignificant, because iteration time step is very small Δt = 1.10÷5s.  

We can see, at Fig. 9, that around of working point, there is range of transitional 
dynamic action, the shape of characteristics approached to lines and we can linearize 
them.  
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Fig. 8 The real tractive characteristisc and modeling courses electrical parameters for Skoda class 150 and 

traction motor Skoda 4-FXA7065 
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Fig. 9 Moment characteristics of one motor at rotor coordinates for the assumed range of simulated 

transitional actions 

2. The transitional phenomena at wheelset torsional dynamics 
At torsional driving system of railway driving vehicles exist the dynamic 

transitional process of mechanic oscillation. The dynamics transitional actions occure 
at these cases: 

1) Influence of real vertical rail deviations on torsion dynamics – influence of 
kinematic bindings between vertical and torsional relative motions. 

2) Cooperation cases of adhesive characteristics with drive motor 
characteristics behind downgrade adhesive conditions.  

3) Cooperation cases of adhesive characteristics with drive motor 
characteristics behind course of transition between traction running and braking. 

Now we can turn attention at a cooperation cases of adhesive characteristics 
with drive motor characteristics behind downgrade adhesive conditions. It is the base 
idea of transition process simulation: system work in work point. Change of adhesive 
characteristics is simulated at certain time interval. System begins change coordinates 
so, to stabilize (convergency) – or unstable (divergency) in new working point. Come 
to rise of self-excitation oscillating on negative part of adhesion curve. Next transition 
process can be simulated at return on original characteristics - return on original 
characteristics. 
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Fig. 10 The principle of time simulation of downgrade adhesion and return come back 

Keynote of dynamic transitional action simulations of rise, continuation and 
extinction (handhold) wheelset slip consists in model cooperation of adhesive 
characteristics with drive motor characteristics. Characteristics oneself secant in the 
working point. Exist several case of characteristics cooperation. The next figures 
shows subcritical and supercritical curve cooperation. 
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• Subcritical cooperation: Engine moment crossing new adhesive characteristics in 
her effective parts, or rise slip is handholded by downward branches of new 
characteristics.  

• Critical cooperation: Engine moment curve is laying on the adhesion characteristic 
curve. It is limit condition. 

• Supercritical cooperation: Drive motor torque characteristics has so small 
steepness, that lies over new adhesive characteristics and not crossing her. System 
behaviour depends for a short time, in that is of arose slip handhold by restoration 
of adhesive conditions. Depend on what, if is it before or under point, where engine 
graph cross original adhesive waveform. As far as restoration of adhesive 
conditions occurs before thereby point, is here surplus of adhesive moment - 
system slow and converge into stable condition. As far as with system gets behind 
this point, amplitudes trend henceforth growth. 
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Fig. 11 Three states of characteristics cooperation 
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Fig. 12 Subcritical cooperation – engine moment crossing new adhesive characteristics in her effective 

parts 
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Fig. 13 Subcritical cooperation – rise slip is handholded by downward branches of new adhesive 

characteristics 
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Fig. 14 Supercritical cooperation – 0,5s – before cross point - surplus of adhesive moment - system slow 

and converge into stable condition 
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Fig. 15 Supercritical cooperation – 1s – system gets behind cross point - amplitudes trend henceforth 

growth 

At case of transition between traction and motor braking for instantaneous 
value adhesion coefficient µ and friction coefficient f was using modification of 
friction coefficient form. The braking adhesion characteristics at section can have a 
special curve shape according to UIC. This shape could we modelling. The symetric 
shape of adhesion function was used. 

Demonstration of simulation calculations: change of drive moment was design 
at simulation between 4th and 7th seconds. Return on original engine characteristics 
followed after 7th seconds. Two cases they are shown: decrease of driving moment on 
zeros (Mm = 0) and second case demonstrate the simulation of transition between 
traction and brake sections of adhesion characteristics.  
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Fig. 16 Symetric characteristics traction braking and special shape according to UIC 

Presuming with that clearance in torsional system have in these transitional 
modes considerable influence. There is clearances in gear and joint of cardan shaft. If 
the clearances at gear and at joint clutch is about 2 mm, then transformated angle 
clearances in axle axes is about 0,003 rad.  

The simulation of decrease of driving moment on zeros (Mm = 0) was design as 
change of drive moment characteristics between 4th and 7th seconds of simulation 
calculation. The graphs shows a high frequency oscillating which follow by clearances 
in torsional system. The working characteristics of binding shows in right of this 
graph. At reality we can interpret it as a high frequency beats tooth of gear. 
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Fig. 17 Stop of traction moment function Mm = 0 

At fig. 19 we can see analysis of bifurcation of working points. The rotor 
coordinate after start of transitional process form traction to braking ”ask” and 
converges the new stabil working point. After start of opposite transitional process 
from braking to traction it´s return to original working point. 
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Fig. 18 Transition action between traction work and dynamic braking 
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Fig. 19 The zoom of bifurcation at interval (-0,1; 0,1) dϕ&

The precision of torsional clearance of gear modelling has significant influence. 
According to [4] was used interpolation of linear binding characteristics by 6 degrees 
polynom, that has for this case the form: 

6
1

5
1

4
1

3
1

2
111

16e34066222814e821308611e3286

10e5386e4734e783148

rrr

rrrr

r,r,r,

r,r,r,M

⋅−⋅−⋅+

+⋅+⋅−⋅−=  

On the graphs at fig. 20 we can see the effect of precision of binding modelling. 
The angular acceleration of rotor (as output from simulation calculation) is smaller 
abouth 20 rad.s-2 and more precisely convergence to reality.  

Demonstration areas yourself requires the research in the field of simulation 
calculations and in the field of experimental research of braking adhesion 
characteristics, especially shape at field of braking according to UIC.  

 

 

 
Fig. 20 The kinematic binding deformation and angular acceleration  

This paper shortly shows dynamics torsional system simulation of railway drive 
vehicle. Most attention is given to the cooperation cases of adhesive characteristics 
with drive motor characteristics behind downgrade adhesive conditions they are 
simulation and influence on all system dynamics is analyzing. Full report knowledge 
of objective dynamic transitional phenomenon is necessary for solving of drive 
regulation and predicate the load of his main parts. Allow as well judge the dynamism 
influence on interaction with track if need be bring out the special cases of attrition. 
Successful with compile of algorithm which makes it possible judge the drive in a few 
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characteristic transitional actions. Make possible for example appreciation of reaction 
of system on changes input parameters. Make possible with behind go e.g. simulation 
slip-resistant regulation.  
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