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Abstract: In this paper, a conventional inverted pendulum with an inertia disk in its 

free extreme is considered. The system is actuated by means of torques applied to the disk by 
a DC motor mounted on the pendulum’s arm. The system is underactuated since the 
pendulum can rotate freely around its pivot point. The dynamical model of this system is given 
with three ordinary nonlinear differential equations. The dynamics of model is analysed using 
Poincare-Andronov-Hopf theory. Our analysis reveals the complex behavior of the model. We 
compute the occurrence of a limit cycle. It is shown that analytical results agree with 
numerical simulations. 
 
1. INTRODUCTION 

Dynamic behavior and stabilization of the inverted pendulum is one of the most 
interesting problems in modern nonlinear science [1]. Here, we conduct an investigation of 
the dynamical behavior of an inverted pendulum with bounded control (see Figure 1). The 
system is of interest both from the point of view of dynamically rich structure it possesses and 
also because it is fairly easy to construct a mechanical model of it. 

Several investigators have sought to develop nonlinear dynamical models of the 
inverted pendulum [2, 3]. It is found that the inverted state stabilizes via alternating ‘reverse’ 
subcritical pitch-fork and period-doubling bifurcations, while it destabilizes via ‘normal’ 
supercritical period-doubling and pitch-fork bifurcations. 

In the recent years, the research is focused towards obtaining control algorithms for 
general underactuated nonlinear mechanical systems. An underactuated system is those which 
having less control inputs than degrees of freedom. In some underactuated systems, the lack 
of action on certain directions can be interpreted as constrains on the acceleration. Some of 
these systems represent academic benchmarks and are part of a standard control laboratory 
like the inverted pendulum, the rotational inverted pendulum, the pendubot, the pendulum 
driven by a spinning wheel. Linear systems can be rendered passive via smooth state feedback 
and they extended a number of stabilization schemes for global asymptotic stabilization of 
certain classes of nonlinear systems. The main contribution of the above systems is to exploit 
their passivity properties to develop appropriate control laws [4]. 
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In order to balance the inverted pendulum at the upper equilibrium position, the 
control must eventually be switched to a controller that guarantees (local) asymptotic stability 
of this equilibrium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1. The inverted underactuated pendulum. 
 

Here, we are interested in the dynamical behavior of the inverted pendulum with 
bounded control. The system is actuated by means of torques applied to the disk by a DC 
motor mounted on the pendulum’s arm. The system is underactuated since the pendulum can 
rotate freely around its pivot point- Figure 1. In this case (according [5]), the differential 
equations of the motion of the pendulum have the form 
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where 1ϕ  is the angle of the arm ( 01 =ϕ  at the upright position), 2ϕ  is the angular velocity of 
the arm, 3ϕ  is the angular velocity of the disk with respect to arm, u  is the control input 
(voltage applied to the motor), and 321 ,, qqq  and 0>ρ  are constant coefficients derived from 
physical parameters [5]. Here, we note that the disk position is not considered as a stable 
variable because it is irrelevant for the stabilization of the pendulum in the inverted position. 
 The control objective is the stabilization of the inverted state of the pendulum, i.e 
when the disk velocity is zero. Thus according [5], we consider an auxiliary control in the 
form 
(2)  ,sin 332211 ϕαϕαϕα ++=u           
where 21,αα  and 3α  are control gains. It is well-know that function 1sinϕ  can be written in 
Taylor series, i.e. 
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If we take only the first and second terms from (3), and after substitution of (2) into (1), Eq. 
(1) takes the form 
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where 
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 The paper is organized as follows: In section two, we obtain the analytical results for 
stabilization of the inverted state when control gains are varied. In section 3, we present the 
numerical results. Finally, section 4 summarizes our results. 
 
2. QUALITATIVE ANALYSYS 
 It is easy to see that the equilibrium (steady states) values of the system (4) are 
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Hence, let us consider a small perturbation (linearization) around the fixed point(s) of the 
system (4) defined by  
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Thus, we obtain the original model in local coordinates, i.e. 
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 The divergence of the flow (9) is: 
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 The system (9) is dissipative and has an attractor when 03 <D , i.e. ( ).132 ραα +≥   
 Following [6]q the Routh-Hurwitz conditions for stability of (6) and (7) can be written 
in the form: 
 

(12)  ,072 >+= kkp         
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(13)  ,063721 >−+−= kkkkcq        
(14)  ,01733 >−= ckckr       
(15)  .0>−= rpqR         
 The notations rqp ,,  and R  are taken from [6]. The boundaries of the stability 
region, according [6, 7] for three dimensional dynamical system, are two surfaces: 

( )0,0,01 >>=Ψ qpR  and ( ).0,0,02 >>=Ψ qpr  On the surface 0=R  the characteristic 
equation has a pair of purely imaginary roots and here an Andronov-Hopf bifurcation takes 
place, and at least one zero root on the surface .0=r  It is seen that 0=r  for first fixed point 
(6) when 332 qq α= . We have 0=R  for the same point when  
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Hence, we obtain that 
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≠α  Thus, we define the following theorem for 

stability: 
 Theorem: Let inequalities (12)-(15) hold. Then the equilibrium (steady) states (6) and 
(7) are locally asymptotically stable. 
 
 Remark: The proof directly follows from validity of the Routh-Hurwitz conditions for 
stability. 
 Our analysis indicates that a limit cycle (self-oscillations) will emerge if the condition 
(15) is not valid and parameter 2α  is higher than ( )ρααα ,,,,, 321312 qqqfb = . In order words, 
we may conclude that in this case 2α  has a role of bifurcation parameter which provokes the 
emergence of stable limit cycle. 
 In the following section, we demonstrate numerically different types of behavior for 
some particulars values of the model parameters. 
 
3. NUMERICAL ANALYSIS 
 In the previous section, we introduced the analytical tools proposed here and used 
them for a qualitative analysis of the system (4). In this section, we perform a numerical 
analysis of the model (4) based on the previous results. The parameter values used in the 
numerical were selected according to [5], i.e. we used the following values for the system 
parameters: 
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 In Figure 2, the stable solutions for the angle of the arm, 1ϕ , the angular velocity of 
the arm, 2ϕ , and the angular velocity of the disk with respect to arm, 3ϕ , are shown for 

30,75 21 == αα  and .5.03 =α  It is evident that after several physically acceptable 
fluctuations (see Figure 2a,b,c), 21,ϕϕ  and 3ϕ  approach constant values (equilibrium state). 
In other words, in this case the conditions of Theorem form previous section are satisfied and 
the steady states of system (4) are locally asymptotically stable. Here we note that the 
governing equations of the model, represented by (4), were solved numerically using 
MATLAB (Mathworks, 2010). In Figure 2d, the phase space of the system (4) is shown. 
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Fig.2. Stable solutions and phase space of system (4). The time is in seconds. 

 

   

  
Fig. 3. Periodic solution and phase portrait of the system (4). The time is in seconds. For details see text. 

 

   (a)   (b) 

   (c) (d) 
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In the next Figure 3, the periodic solutions and phase space of the system (4) are shown. In 
this case the following values of the model parameters are accepted: 

.5.0,30,376,250,0393.0,0245.0,30 321321 ======= αααρqqq  It seen that in this case 
the pendulum inverse state is stabilized. 
 
4. CONCLUSIONS 
 The proposed study treats the problem of dynamical behavior of a conventional 
inverted pendulum with an inertia disk in its free extreme is considered. The system is 
actuated by means of torques applied to the disk by a DC motor mounted on the pendulum’s 
arm. The system is underactuated since the pendulum can rotate freely around its pivot point. 
The results found in the present study are in agreement with those of [5], but some additional 
dynamical behaviors of the inverted pendulum were shown.  
 Consider as a basis the analytical conditions of stability of the inverse state, 
determined in section 2, as well as the numerical analysis performed in section 3. Then, we 
can draw the following basic conclusions: 1) the stability of pendulum inverse state 
substantially depends on the values of the control gain parameters 21,αα  and 3α ; 2) for some 
specific values of control gain parameters a homoclinical limit cycle is emerged. 
 Finally, our point of view is that further analytical and numerical investigations on 
inverted pendulum with an inertia disk are needed in order to clarify those processes almost 
unrevealed until now. 
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Ключови думи: обърнато махало, ограничен контрол, динамично поведение 
Резюме: В тази статия се изследва динамичното поведение на обърнато 

махало с инерционен диск. Динамичният модел на изучаваната система е от три 
нелинейни обикновени диференциални уравнения. Динамичното поведение на модела се 
изследва с помощта на теорията на Поанкаре-Андронов-Хопф и последващ числен 
анализ. От направения анализ се вижда, че системата притежава сложно 
(комплексно) поведение. Показано е, че аналитичните резултати са в съгласие с 
направените числени симулации. 
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