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Abstract: In this paper, a method is developed for the modal analysis of vibrating structures whose
properties may vary with time. It is based on an autoregressive model in a short- time scheme, and is
called Short-Time Auto Regressive (STAR). This new method allows the successful modelling and
identification of an output-only modal analysis of non-stationary systems. The originality of the
proposed method lies in its specific handling of non-stationary vibrations, which allows the tracking of
modal parameter changes in time. There is presented an update of the model used with respect to
order as well as a new criterion for the selection of an optimal model order, based on the noise-to-
signal ratio. It is shown that this criterion works stably with respect to block data length. As for the
block size itself, a length equal to four times the period of the lowest natural frequency has been found
to be efficient. To validate the proposed method, a system with three degrees of freedom is first
numerically simulated under a random excitation.
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INTRODUCTION

Operational modal analysis is a necessary method for modal parameters identification in structural
testing and monitoring, especially when the structures operate under severe working conditions with a
non linear behaviour. In modern modal analysis, it is important to monitor changes in the modal
properties of the structures over time. Non-stationary vibration in systems with time-dependent
properties may be analyzed through non-parametric and time-frequency methods such as the Short-
Time Fourier transform (STFT). However, parametric methods offer a number of advantages, such as
improved accuracy and resolution, which is why time domain methods are generally preferred. The
last two decades have witnessed a trend toward the use of the time series model for non stationary
modal analysis. Notable industrial applications include traffic-excited bridge vibration of structures,
seismic vibration, robotic devices, wind turbines, fluid-structure interaction etc. In non-stationary
cases, most of these methods involve a nonlinear model.

VECTOR AUTOREGRESSIVE MODELING IN MODAL ANALYSIS PROCESS

Assuming a random environment, the excitation may be ignored, and since the modal analysis
required multiple measurement locations, a vector autoregressive model, with d sensors, can be
expressed as follows [1]:

IX-8
20"™ INTERNATIONAL SCIENTIFIC CONFERENCE “TRANSPORT 2011”



(D) O} +[a ]y =D} +[a, | {ye -} +..+[a, | {yt - p)} = {en)}
The model, as rewritten here below, is a convenient form of a dimension d vector at order p [ |.

(2) {y(t)}dxl = [A]dxdp '{¢(t)}dp><1 + {e(t)}dxl 2

where [4], =[—[a1] —[a,] ... —[a] - —[apﬂ is the model parameter matrix, [q,], is the
matrix ~ of  autoregressive  parameters  relating the output  {y(¢-i)} to  {y()},
{qo(t)}dpxl =[{y(l—l)};{y(t—Z)};...;{y(t—p)}] is the regressor for the output vector {y(1)}, {y(t-i},,

for (i=1: p) is the output vector with delay time i x 7, T is the sampling period (s) and {e(r)} o Isthe
residual vector of all output channels, and considered as the error of the model.

If the data are assumed to be measured in a white noise environment, the least squares estimation is
applicable. If N successive output vectors of the responses from {y(r)} to {y(+ N —1)} are considered

(N > dp+d), then the model parameters matrix [4], » and the estimated covariance matrices of the un-

noised part [f)lw and of the error part [E“lw can be estimated as follows [1]:
[4]=(RL ][R DRV ][R, D™ = (R ][R DT
3) [D:I =%|:R12 ‘R12:|

()~ ]

In these formulas, [R,], [R,]and [R,,] are sub-matrices of the upper triangular factor |[R]derived
from the QR factorization of the data matrix as follows [4]:
4 [K]=[Q][R] , where [Q], , is an orthogonal matrix ([0][ Q" |=[/], and [R]has the form

[Rll]dpxdp [R12 ]dpxd

5)  [Rlyuppen = 0 [R,],, | and data matrix [K] is constructed from N samples in
0 0
form:
(e, o},

)  [K]ypen = lo+D}, ((e+D)

_{(p(t+N—1)}jp {y(t+N—1)}Z_

Once the model parameters matrix has been estimated, modal parameters can be directly identified
from the eigen-decomposition of the state matrix [IT] [4].

__[al ]dxd —[a2 ]dxa' - [ai ]dxd o _[ap :Idxd ]
[1] 0 0 0 0
7 [, = o [1] 0o o0 0

THE STAR METHOD AND IDENTIFICATION WORKING PROCEDURE

In operational modal analysis, the dynamic parameters of the system are unknown, and thus, a
priori knowledge about the model order is not available. From the above modelling, it is found that the
number of samples in each block N must satisfy N > dp+d, where p is the computing model order, and

1X-9
20"™ INTERNATIONAL SCIENTIFIC CONFERENCE “TRANSPORT 2011”



thus can be variable. It is also clear that the block size must be long enough to allow an exhibition of
the vibratory features of the system and to cover the largest period in the signal. The block length of
the sliding window must be adjusted from the greatest period. The optimal model must be selected
from the order 2 to the maximum available order fitting data of all block sizes. Because it is time-
consuming to repeat the computation for each order value, this procedure should be avoided. We
present an algorithm allowing an effective updating of the solution by model order.

I. Order updating and new criterion for optimal model order selection

The data matrix K’ at order p can be rewritten as:
" (k) V' (k)
T T
) (k+1) (k+1)
(8) [K](p _ 4 ) y ) :|:K(p) 'Kz Nxd:| .

Nx(dp+d))

" (k+N-1) y (k+N-1)
If the model order is updated to p+1, the data matrix has the form:

9) [K](’”:) = [Kf”)Nxdp K}, K, Nde , where K¢, , are the added d columns in form
Nx(d(p+1)+d)

v (k=(p+1)
Ko, = y (k+1-(p+1)
Y (k+N—-1-(p+1))

We can then compute the following matrix:

where T and

1 dpxd

RP” T RW
(10) Q(")T.K(“l) :I:Q(p)T‘Kl(p)Nxdp Q(I))T'KONxd' Q(ﬁ)T.KZ NXd:| :|: 11 1 12 ,

0 7, RY

T
T, (y-gpwa are extracted from Q07 .K° = {Tl} :
2

We must now triangularize the right term matrix in equation 13. If we decompose only the small
sub-matrix T», it easily yields:

R
1y 1, :Q{ OT} .
Where R;,., 1s an upper diagonal matrix and Q; y .y 4 18 the product of the Householder
transformations (or Givens rotations). Equation (10) then becomes:

R(P) T R(P)
o7 g _| Lapap O . 1 N Lypiay 0
(12) Oo'" K'Y = ”0” =l 0 R, 0 — pop
QT 0 0 QT |:R(p):| QT
7 | 22

RY T RY
:|Q(p)TK(p+l) = 0 RT R2'2 ,
0 0 R,

!

. T .
where R}, ., and R}, \ , .., are obtained from multlphcatlon{R22 } =0/ .R,,.

"
22

It can be seen that the first d x p rows of the right hand side in equation (16) are not affected by the
above transformations, and the factor matrix R”*" at order p+1 is thus updated:

RY T, RY : .
(13) R :{ ! Rl } ; RYD = { le ; RY™Y =R, as is the Q matrix in form:
T 22

(p+1) _ ~(p) Idpxdp 0
(14) 0 =0 { o ol
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As well as the two covariances matrices from (4) and (5) in form:
(15) v =[RyT Ry =[RY] R +[ R, | Riy=D7 +[ R, ] R,
(16) Ew =[ Ry T RE™ =[Re,] Ry =[RY] RY ~[Ry, | Ry = £7 ~[Ry,] [Ry].

It is seen from equations (15) and (16) that as the model order increases, the norm of the
deterministic covariance matrix increases as well, while one of the error parts decreases by the same
amount. The global noise-to-signal ratio (NSR) is:

leo| 1)

17) NSR = ==
(17 S0~ D)

It is therefore monotonically decreased in terms of the model order. The Noise-rate Order Factor
(NOF) defines the change in the NSR within two successive order values:

(18) NOF = NSR® — NSR"*)

It is seen that the NOF is always positive, falling quickly at low orders and converging at high
orders, which is why it serves as a criterion for selecting the model order. The optimal order should
therefore be chosen after a significant change in the NOF. The NOF converges to a minimum value
after the optimum order is reached. Since the solution is effectively updated, the selection of optimal
order can be applied for time-varying systems.

II. Working procedure

Since there is no leakage present in parametric model-based modal analyses, it is therefore not
necessary to use a window, and so we propose that the data be processed in combination with a
progressive search for the model order, as follows. Firstly, the above VAR model is initially applied to
a block of data with a reasonable low order value. The length of the first block size could be specified
if the smallest natural frequency of interest of the structure is known. Modal parameters are identified
and the natural frequencies are estimated by using the signal to noise ratio of each eigen-value (MSN)
[4] in order to find the smallest frequency to use to specify the length of the next block. Once the
block size is chosen, the optimal model order is selected by the NOF and an order equal to or higher
than this minimum value is used to get the modal parameters. The overlapping process can also be
employed by changing the sliding step, which can vary from only one sample to the whole of the
block window.

a. Simulation on mechanical system

A numerical simulation of the proposed method was applied on 3 degrees of freedom (D.O.F.)
system, (Fig. 1) under a random force excitation. The mechanical properties of the system are first
considered constant, and present three natural frequencies at 6.4 Hz, 12.6 Hz and 25 Hz, and damping
rates at 2%, 4% and 7.8%, respectively.

xy(1) x,(7) x (1)

51(0) So(0) f,(f)

K, K, K K,
NN NN NA NN RAVAVAS
M, M, M;

[ — 1 {1 .
& ) (@] (0} (@) 5] &} (@] (@) ,

Fig. 1 Three D.O.F mechanical system

b. Discussion on block data length

Fig. 2 shows the frequencies and damping rates of the above structure identified by the VAR
method, with varying data lengths.
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We can observe that the block size must be larger than 3 times the longest period Ty.x in order to
produce the smallest natural frequency value. For that reason, the block size was chosen to be equal to
4 times the period. The results found were obtained from multiple simulations. In conclusion, when a
moderate damped system is subjected to a random excitation, its modal parameters can be monitored
at block sizes equal to 4 times the period of the smallest natural frequency. Fig. 3 plots the NOF
curves of the 3 D.O.F. system at various data length sizes.
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Fig. 2 Modal parameter identification with block size

It is seen that the structural model order is found
accurately at 3 regardless the data length showing
the stability of the NOF criterion with respect to
data length. It also confirms that if the properties of
the structure are subjected to change, the optimal
order can still be tracked [2], and does not depend
on the block size once this latter is long enough to
show the smallest frequency.

N=Tmax: 10Tmax

c. Simulation on mechanical system with time-
dependent parameters

The 3 D.O.F. system above has been modified S BT TEE ECTEETEEL
to vary its mechanical properties, and is always Model order
subjected to a random excitation. The mass M2 is
now a time variant factor which changes following
the function, as shown in Fig. 4.

Since the data is non-stationary, the optimal model and modal parameters can vary with time, and
therefore, the block size should be changed. If the smallest frequency is available either through prior
> knowledge of the system or from the frequency
range of interest, the initial block size is chosen
to be 4 times its period. When more data are
acquired, the block size is adjusted based on
the smallest frequency identified in the
previous step. Fig. 5 and Fig. 6 showing the
optimal model and the computing block size to
use to track the change in the system
o 5 4 6 8 10 iz a s s 20 properties. It is shown that the optimal order is

. . L Tme primarily monitored at 3, except for some outer
Fig. 4 Simulated time-varying mass values ’

Fig. 3 Optimal model order at different block sizes

M2 (Kg)
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Fig. 5 Monitoring of optimal order on simulation Fig. 6 Monitoring of block size on simulation

We can observe an adjustment on the block length when the change appears at the half end of the
monitoring period. The changes in frequencies and damping rates are plotted on Figures 7 and 8. As is
logically seen when the mass is increasing, all frequencies tend to decrease, and can be well tracked.
On the other hand, we see a high variance for the damping rates. The damping identification only
gives an approximate range of values.
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Fig. 7 Monitoring of frequencies on simulation
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Fig. 8 Monitoring of damping rates on simulation

The method was experimentally applied on the real data measured on a steel plate emerging from
water too, and compared to the conventional Short-Time Fourier Transform (STFT) method. It is
shown that the proposed method outperforms in terms of frequency identification, whatever the non-
stationary behaviour (either slow or abrupt change) due to the added mass effect of the fluid [3].

CONCLUSIONS

It was found that the minimum structural model order does not depend on the block size if this
latter is long enough. The block size was minimally found to be equal to four times the wavelength of
the first natural frequency, and consequently, block sizes vary with variations in the first natural
frequency. Numerical simulations and experiments show that the proposed method can be used to
track a slow change as well as a sudden change in the modal properties of the structure, and that it
outperforms the STFT method. While the monitoring of natural frequencies has been successfully
dealt with, those of damping rates are not enough precise. Research is still ongoing on damping
identification of time-varying system as it is found in fluid-structure interaction. Unfortunately, the
results on the damping rate identification were not significant, and research is still ongoing on this
subject.
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Knrwuoeu oymu: udenmupuyupane, asmopespecuser mMooei, HECMAYUOHATHU 8UOpAyULU, ONepayUOHeH
MOOaeH aHaNU3..

Pe3rome: B doxnaoa e paspabomern memoo 3a MOOGNEH AHANU3 HA SUOPUPAUU KOHCIPYKYUU, YUUIMO
ceoticmea mozam Oa eapupam 6v6 epememo. Toii ce bazupa Ha asmopezpecuguus Mooeil 8
Kkpamkocpouna cxema u ce napuua Short-Time Auto Regressive (STAR). mo3u Ho8 memoo no3eo.16a
VCHEWHO MOoOenupane U uoeHmupuyuparne Ha uzxoosauj MoOdleH aHalu3 HA HeCmayuoHApHU
cucmemu.

Opucunannocmma Ha Npeododcenus Memoo ce Kpue 8 cneyuguunama cu obpabomka Ha
HeCmayuouantHume 6uOpayuy, KOemo HO38016a HPOCIEOSABAHEMO HA NPOMEHUme 6 MOOAIHUme
napamempu 8v6 epememo. Ilpedcmagena e axmyanuzayus Ha mMooena, Usnoa36an no OMHoOUleHUue Ha
peoa, Kakmo u Kamo HO8 Kpumepuil 3a u300p HA ONMUMANLEeH MOOel 3d ped 6b3 OCHO8A HA
cvomuoutenuemo wym-cuenan. Ioxazano e, ye mosu Kpumepuii pabomu cmaduIHO O OMHOWEHUE HA
Oovaicunama ua 6a0k dannume. Lljo ce ommnacs 0o pasmepa Ha camus OI0KA, € YCMAHOBEHO, Ye e
eexmuena OvadCUHAMA, PAGHA HA YeMmupu Nbmu Nepuod Om HAU-HUCKAA eCcmecmeeHa yecmoma
YCMaHoseHo, 0a bvoe epexmuena. 3a 0a ce 8AIUOUPA NPEOTOICEHUSIM MEeMOO, HAll-HANpeo e YUCAEHO
CUMYIUPAHA CUCIeMA ¢ MPU CMenenl Ha c80000a npu CLy4auno 8b30yxcoate.
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