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Abstract: In the present report an algorithm for analysis of two — dimensional internal flow of
compressible atmospheric air is presented. The algorithm treats the integral form of the governing
Euler system of PDEs by employing the so — called Cell Centered Finite Volume Method along a
quadrilateral structured grid the computational domain has been discretised through. The numerical
fluxes formed are augmented further following Godunov’s idea that it is the approximate Riemann
problem that should be solved exactly about each wall of the computational cell. Thus, the all-shock
solution of Roe has been used to allow acoustic disturbances within the computational domain. The
time derivative is computed either by the explicit one-step six-stage Runge — Kutta scheme. The
boundary conditions have been determined observing the rule that the nozzle’s wall should be
impermeable. The so-formed algorithm has been applied to a Laval nozzle attempting to verify its
applicability to engineering problems in particular. The numerical results are compared with
experimental data.
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NOMENCLATURE

¢ = sonic speed, m/s; E = specific energy,
m?%s*; F, G, R = flux — vectors; H = specific
enthalpy, m?/s%; i, j = unit vectors, m, grid
vertices indexes; k = counter; M = Mach number;
n = normal vector, m; p = static pressure,
kg/(m.s*); Q = vector of conservative variables;
Res = Residual; s = arc length; t = time, s; u, v =
horizontal and vertical components of the total
velocity, m/s; U = contravariant velosity, m?/s,
vector of primitive variables; V = total velosity,
m/s; x, y, r = Cartesian coordinates, m; o = angle
of attack, deg; x = specific heats ratio for
atmospheric air; &, n = curvilinear coordinates,
m; p = density, kg/m3; ¥ = area, m’; Q = volume,
m’; Subscripts: L, R = left and right states; H =
value in the outer boundary cell; w = value at the
cell’s wall; oo = free stream value; Overbars: ~ =
Roe’s average state; — = mean value; Others: V =
Hamiltonian; A = difference, increment.

INTORDUCTION

In the present report an algorithm for two —
dimensional internal flow analysis is presented.
The algorithm employed the Cell Centered Finite
Volume Method to solve the Euler equations over
a structured quadrilateral grid. After integrating
the governing equations, the numerical fluxes
formed are augmented further by means of Roe’s
Flux Difference Splitting Scheme (Ref. [1]). The
time — derivative is computed through an explicit
six stage Runge — Kutta scheme with adaptive
step. Along the nozzle’s wall, the boundary
conditions provide for zero contravariant
velocity.

The so-formed algorithm is relatively simple
to code. Although the Roe’s scheme has been
already studied thoroughly, this report aims at
estimating applicability of the scheme while
different phenomena due to compressibility are
occurring.
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THEORETICAL BACKGROUND

The numerical algorithm for solving
governing equations within the flow field could
be divided into subsections that precede
description of each stage briefly.

1. Governing equations.
The Euler system of conservative equations
has the form:
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This system describes mass, momentum and
energy conservation. In order to complete it, an
equation of state must be added:

(2) p- (K—J)[pE—()jp\I?H

2. The Finite Volume Method.

The integral form of the governing equations
represents time — rate change of the state vector
within the control volume as a function of the
total flux passing through the volume’s boundary
surface. System (1) could be written along
coordinates which are not aligned with Cartezian
one as follows:
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The system should be integrated further. After
doing so

“4) gaa? dQ +jgjv1$dg =0

and applying the divergence theorem to the
convective integral subsequently

(5) [[VRd@ = § Raz
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it yields
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The dot product inside the surface integral
could be worked out further providing that

normal vectors point to the outside the
computational cell. In this way system (6) could

be expanded over a quadrilateral control volume
as follows:
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The state vector is stored at the cell’s centroid
which is why it is necessary to evaluate flow
parameters along the cell’s wall. It is
straightforward to average the flow parameters
between two neighbour cells. However, a
computational stencil like

®) R, = 0'5lR(Qi,/)+R(Qi+1J)J
does not hold as it was throughly discussed by
Roe in Ref. [1]. In the present work MUSCL
(Monotone  Upstream-Centered Scheme for
Conservation Laws) reconstruction has been
choosen to evaluate vector of the primitive
variables on the both sides of the current wall.
For instance, if take into account 1’ direction it

will yield:
U, :Um,j —0.50,;U, = U[J. +0.50,
9) ap = Ui+2,/ _Ui+1lj;bR = Ui+1lj _Ui,/'
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What follows is evaluating the convective flux
at cell’s wall in accordance with the stencil
depicted in Fig. 1. The computations were carried
out following Godunov’s suggestion, Ref. [2].
According to him, it is the approximate Riemann
(shock tube) problem that should be solved
exactly under left and right initial conditions that
are previously determined. In Ref. [3] Roe
proposed an approximate all — shock solution
based on decomposition of the flux difference
over the cell’s face:

(10) R"”/?J :%[R(QiJ)—i_R(QiHJ)_qARI‘+‘AR2V3‘+‘AR4‘)]

Fig. 1. The concept for computational stencil.
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where the right — hand expression is derived after

diagonalizing the convective flux Jacobian
OR/0Q:
~ 1L
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The Roe’s averages used above were

computed taking into account both the left and
right states according to expressions
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The “A” symbol in formulac (11) denotes
difference between right and left states exactly.
The Harten’s entropy correction formula (Ref.
[4]) was also employed here since the Roe’s
scheme could produce an expansion shock when

R(Q)=R(Qr) and Q#Qx:

ulu|>o
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3. Time integration.

The so-formed system (7) was solved by
means of the six stage explicit Runge — Kutta
scheme developed by Leer, Tai and Powell and
described in Ref. [5]:

00 —gw
o = Q(u) e, 2 Reslp ]
(14) Q(M ) e+ 6]
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where “Res” stands for the sum in (7). The time
step value “At” is determined in terms of current
cell volume, CFL condition and spectral radii
along each curvilinear direction as a minimum
that should be reached for entire computational
grid:

(15) At = min| CFL Q
i +ciS

Jaces

The last equality ensures that all numerical fluxes
are constant in time.

4. Boundary conditions.

Since the flow is inviscid, there is only a
tangent component of the velocity vector along
the nozzle’s surface. This implies that the
contravariant velocity must be zeroed. Therefore,
the boundary flux through the wall takes the
form:

(16) R, =|p p,n, pon, of 4=

The static pressure here should be extrapolated
toward the boundary wall. This is accomplished
by means of accepting the ghost cells concept.
Following Blazek (Ref. [6]) the static pressure is

(17) p, =0.125(15p,, — 10p,, + 3p,;)

where values within the brackets are obtained
from the first three levels of the computational
grid directing to the outer boundary accordingly.
During reconstruction, conservative variables in
arbitrary ghost cell might be obtained through
following formulae:

18 Q1_2Q1 0,
(1%) 30,-20,

Having once calculated, the above expressions
were never used along the nozzle’s boundary
which is why the static pressure onto the wall is
only sufficient to be calculated.

5. Computational mesh.

The computational domain is discretized by
means of structured, quadrilateral grid. Accepting
the formalism used by Thompson Ref. [7], an
algebraic grid has been generated in following
manner. Let arc length s vary from 0 to 1 and arc
points number & vary from 0 to I-1, so s(0)=0,
s(I-1)=1. Initially assigning values to the first
derivatives

0
(19) %S(O)_ ds,,
—s(1—1)=4s,
providing that
(20) 1 _sinhd
1. 4s,4s, o

the following equations appear to be in usage:
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U (f)

As, 4s,
(5o
If the equations above are applied to a curve for
which 1(§)e[r(0),r(I-1)], then for the point
distribution along will follow:

(22) 7(&)=F(0)+[F(1 - 1)-7(0)}s(¢)
£2012. . 0-1

s(¢)=

s dsLyene,

6. Theoretical flow behavior.

In Fig. 2 progression of the decreasing
backpressure is shown. The following flow
patterns are typical.

M<1 Subsonic

(2) Unchocked

(k) Nommal shock in nozzle
W e

M>1

(£) Normal shock in nozzle exit plane

(d) Overexpanded

(e} Isentropic

(f) Underexpanded
Fig. 2. Backpressure evolution.

In the subsonic case (a) the flow is continuous
isentropic. The mass flow rate is less than the
critical one. This case is also known as
Ventouri’s tube.

In the critical case (b) the flow is isentropic
and becomes sonic at the throat. It returns to
subsonic in the divergent section. The mass flow
rate is equal to the critical one. The static

pressure at the exit is considerably above the
critical value.

In case (c), a normal shock formed physically
at the throat moves toward the exit. The mass
flow rate is equal to the critical one. The flow is
nonisentropic. The static pressure at the exit is
slightly above the critical value.

In case of narrowing divergent part (d), an
oblique shock appears at the exit which is getting
weaker. The flow is nonisentropic. The static
pressure at the exit is slightly less than the critical
value.

If the static pressure at the exit is considerably
less than the critical value (e), continuous
isentropic flow appears throughout. In addition,
there isn’t a shock.

In case of widening divergent part (f),
expansion shock occurs.

RESULTS

The algorithm has been developed in ANSI C
and the compiler used is “Minimalist GNU for
Windows.” Numerical computations have been
carried out at Mach number M = 2.0. The grid
size is 137x61 points. The following figures
outline the computational grid, density, static
pressure, and velocity magnitude distribution
within the computational domain. The visualizer
used is ParaView® v. 3.6.1.

The nozzle’s outline is obtained through
following formulae:

a,, -50<x<a
a<x<0
cote,xt +eix, 0.0<x<p’

d,, B<x<85

2 3
) by +byxT 4+ byx”,
ytop -

(23) ybottam = _ytap ’

a, =1.0004,
b, =0.725,b, =0.0832,, = 0.0176016

¢, =0.725,¢, =0.020& ¢, = —0.0022002
d, =1.00034cr = -3.15123 8 = 6.24877

Fig. 3. Computational grid.
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Fig. 4. Density distribution, M = 2.0.
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Fig. S. Static pressure distribution, M = 2.0.

464.4467

Fig. 6. Velocity magnitude distribution, M = 2.0.

During computations, the time step size was
obtained about 14.10° seconds. Therefore,
approximately 10° cumulative iterations were
necessary to be carried out in order to obtain the
solution at physical time 1 sec. This solution is
depicted in Fig. 3+6.

The computations were carried out on Intel®
Core™ Duo CPU T7700 @ 2.4 GHz, 2 Gb
physical memory. It took about two hours to
succeed.

In Ref. [8] results were reported on the same
nozzle. These were obtained through an
algorithm similar to the one employed here.
However, the spatial discretization was 1D.

CONCLUSION

In the present paper the results obtained are
shown after numerical computations have been
carried out in order to analyze compressible flow
in a Laval nozzle. The governing partial
differential equations, known as Euler system,
describe mass, momentum and energy
conservation. It was the Roe’s flux difference
splitting scheme applied toward the integral form
of the governing equations that allowed the
numerical flux to be augmented by solving the
approximate Riemann problem exactly. The time
stepping scheme used was explicit one-step six
stage Runge — Kutta. The boundary conditions to
be met were impermeability of the nozzle’s wall.

That the boundary layer separation is a crucial
phenomenon exerting influence on the flow’s
behavior should be mentioned. Besides, the
interaction between the boundary layer and the
shock waves is also something typical for what
has been discussed so far. The method for flow
analysis considered here is not suitable to analyze
the boundary layer but it could provide with

sufficient information regarding different
compressibility effects instead.
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JIBYMEPHU OMJIEPOBU N3YUCJIEHUS HA JIFO3A HA JIABAJI
MOCPEJACTBOM METOJIA HA KPATHUA OBEM
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BbJI'APUSA

Kniouoeu oymu: Hzyucrumenna ounamurxa wa gayuoume, Memoo na xpatinus obem, Cxema Ha
Poy 3a pazyensane na paziuxume 6 nomoxa

Anomayusn: Hacmosiyuam 0oxknad npedcmass aneopumvm 3a AHAIU3 HA OBYMEPHA SbMPEUHA
cmpys Ha ceugaem v30yX om ammocghepama. AncopumvMbm ONUCEA UHMESPATHUS 6U0 HA
ynpasasgawama oinepoga cucmema om PDE nocpedcmeom maxa napeuenus Memoo na kpavinus
obem. Obpazysanume YuUcCleHU NOMOYU Ce YBeaUuuagam OONBIHUMENHO Nped8ud uoesama Hd
T00yno8, cwvenacho Kosamo umeHHo npubausumennusm npobiem ua Paiiman mpsbea oa 6voe
paspewien ¢ MmoYHOC 34 8CAKA CTHeHA Ha usuuciumennama kiemka. L{ughposume pesyimamu ca
CPABHEHU C eKCNePUMEHMATHUMEe OaHHU.
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