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Abstract: The article examines the three-dimensional vibrations of an elliptical disk. It
is rigidly connected to a horizontal cylindrical shaft. The normal axis to the plane of the disk
makes an acute angle with the axis of the shaft. The shaft is considered to be a cylindrical
perfectly elastic and weightless rod with a stiffness of bending and twisting. The supporting
joints have linear elastic characteristics set by appropriate coefficients. The three-
dimensional vibrations of the disk are caused by an inertial excitation that are developed in
its plane. The study includes determination of the matrices of mass and inertial properties, the
stiffness matrix, as well as determination of the generalized force. A specific program in the
area of MatLab-Simulink has been created for the study of small three-dimensional
vibrations. The laws of motion, velocities, and accelerations for all generalized coordinates
are obtained. Numerically calculations by varying the angle between the plane of the disk and
the shaft are performed. Relevant conclusions are created regarding to this influence.

INTRODUCTION

The discrete dynamic models, which are studied in the discipline "Structural
Mechanics of Machine Structures™, consist of perfectly elastic and weightless rod elements
and point concentrated masses, [1, 2]. Such models are also studied in the discipline
"Dynamics of building structures”, [3], as well as in the study of various structures such as
cranes, lifting and transport equipment, and others, [4, 5, 6].

Very often, models with concentrated point masses cannot adequately describe the
actual mechanical system. This requires the use of three-dimensional models of rigid bodies
with their real dimensions, connected to perfectly elastic and weightless rod elements, [7].

The purpose of this article is to show a matrix approach for the study of specific
discrete mechanical systems that are not studied in the above-mentioned courses, using the
MatLab software package (Matrix Laboratory).
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DYNAMICAL MODEL

The three-dimensional vibrations of a steel elliptical disk, which is rigidly connected
at a point O for a perfectly elastic and weightless rod with a dense circular cross-section, are
studied, (Fig. 1).

Two coordinate systems, Ox,y,z, and Oxyz, are defined. The axis Oz, is
perpendicular to the plane of the disk. The axes Ox; and Oy, are lying in the disk’s plane.
The axis O x is considered vertical. The axis Oz is considered horizontal along the central
axis of the rod. The axes Oz, u Oz form an acute angle o. with each other, (Fig. 1).

A X

Fig. 1 Dynamical model.

The elliptical disk has a large half-axis a, a small half-axis b, and a thickness h. It is
connected to the horizontal beam in its center of mass C .
The beam has two sections of length I,, with bending stiffness E.I, and torsional

stiffness G.1, (k =1,2). It is connected in both nodes 1 and 2 with perfectly elastic and

weightless elements with coefficients of elasticity c,,, c,,, c,,, ¢,, and c,,, (Fig. 1).
The vector that describes the small three-dimensional vibrations of the disk is:

T
(1) g=(x y z 6, 6, 0,) .

These vibrations are caused by an inertial excitations due to a small unbalanced mass
m . It rotates in the plane of the disk at an angular velocity p around a center N with

coordinates x,, and y,, with an eccentricity e, (Fig.1).

DIFFERENTIAL EQUATIONS

The derivation of the system of differential equations, which describes the small three-
dimensional vibrations of the rigid elliptical disk around its equilibrium position, is performed
using the Theorem for the change of the generalized impulse of a rigid body or using the
Condensed Lagrange equations, [8].

The following system of differential equations is obtained:

) A.q+Kqg=Q,
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where A is the matrix of mass and inertial properties, K is the stiffness matrix, and Q is the
vector of generalized forces.
The formation of the matrix A is performed on the basis of the following formulas:

3 A= M0
3) =0 3|
(4) M=diag[m m m],
(5) o =diag|J, J, J,][,
m 2 2
(6) JX1=E.(3.b +4.h?),
m 2 2
(7) Jy1=E.(3.a + 4.h ),
(8) JZ1=%.(a2+b2),
9) A=W.AWT
(10) w=| Y 0
1o ul’
(11) 0=diag[0 0 0],
cosa O sina
(12) Uu=| 0 1 0

—sina 0 cosa
The matrix K is determined using the flexibility matrix D:

(13) K=D"1.
The non-zero elements of the flexibility matrix D are found by the formulas:
1 1312 1213 [
14 d, = ) R S
a4 (4, ) [3.E.I1 3.E.1, ¢, C,
12 13
(15) do=——t |2, = 1,17
(1,+1,)? | 3E.I, 3.E., ¢, c,
12 .03 I I
(16) dys=dg = : 2 |
(1,+1,)? | 3.E.l, 3.E.d, c, c,,
1312 1213 [
(17) d,, = 1 B B == SRR SR I
(1,+1,) | 3.E.1, B3E.d, ¢, ¢,
|} I3
) T [ S S -
(1,+1,)? | 3.E.l, B3E.d, ¢, c,
131 .03 I I
(19) dy, =d,, = . 2 e =h b il
(1,+1,)? | 3E.1, B3E.d, ¢, c,
(20) d,=1/c,,,
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I 2

| | [
(21) dee = - 2 + 2 :

) 5 ) 5 -
G.l., e, G.lg, e
I—.ll—i—l2 |1—i—|—.|2
c1 c2

The vector of generalized forces caused by the inertial excitation is determined by the
following formulas:

(22) Q=W.Q,,
i F, =m.e.p®.cosp.t ]
F, =m.e.p’sinp.t
23) le =0
Qi = M, =0
M Y1 = 0
M ) = Fxl.le — Fyl.xlN

The system of differential equations (2) is linear, non-homogeneous, from the second
order and it is composed by constant coefficients. It could be integrated analytically. But
when multiple calculations are performed with variations of many parameters, it is advisable
to solve it numerically by suitable program. Such of that program is MatLab.

NUMERICAL SOLUTION

For the numerical solution of the system of differential equations (2) in the time area,
the program using MatLab Simulink Toolbox is prepared.

The calculations are made using the following numerical parameters.

Data of the steel: E=2.10"" Pa, G =8,077.10*° Pa, p=7850 kg/m?;

Dimensions of the disc: a=0,18 m, b=0,12m, h=0,04 m;

Dimensions of the staff: I, =1,2m, 1,=1,8m, d, =0,02m, d, =0,03m;
Coefficients of elasticity: ¢,, =6.10*N/m, ¢, =5,8.10°N/m, ¢,, =12.10°N/m,
C,, =810°N/m, ¢, =7,810*N/m; Unbalanced mass: m=0,05kg;
Eccentricity of the unbalanced mass: e=0,06 m;

Coordinates of the center N : x,, =0,04 m, y,, =0,03 m.

The first task, that has to be solved, is to determine the natural frequencies. This task is
related to find the own numbers of the following matrix:

O |
(24) G= . ,
-AK O 12x12

where O =[ 0]
The eigen circular frequencies ®,, (k=1,2,...,6), are derived by the own numbers

o and 1 =[1], . are correspondingly zero matrix and unit matrix.

n,, which have the form:
(25) n=0%io0,, i=/-1.
The following values of the eigen circular frequencies are obtained: ®, =13,615s™
»,=13,684s", ®,=23,159s", w,=141,65s"", o, =250,055 ", o, =337,96 5 *.
The forced circular frequency has to be selected in the range 0,70.0, < p<1,30.0,,
(k=1,2,...,6), in order to avoid the undesirable resonance phenomenon.
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The forced circular frequency is accepted p=4 s in this study.

For the Simulink model file, the differential equations (2) are presented in the
following matrix form, [9]:

g=[-A K o].B}rA*.Q .

This system is integrated with a variable step by the selected ode 113 (Adams) and
maximum time duration t=2s.

The displacements X., Y., z., the velocities X., Y., Z., the accelerations X., V.

(26)

, Z. of the mass center C are determined by the composed program. The angular rotations

0,. 0,, 0,, the angular velocities 6,, 6, 0, and the angular accelerations 0,, 8, 0, of
the elliptical disk are also obtained.

The calculations were performed at seven values of angle o, namely, o =(n/12).k ,
where (k =1,2,...,6).
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Fig.2 Displacements of the ellipsoid mass center.
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Fig.3 Accelerations of the ellipsoid mass center.

It can be seen from Fig. 2 that the displacements of the mass center C in the direction
of the axis X are increasing by a nonlinear law with increasing of the angle o. The
displacements of the mass center C in the direction of the axis Yy are reaching their

maximum at the angle o =7/3 and then they are slowly decreasing.
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It can be seen from Fig. 3 that the accelerations of the mass center C in the direction
of the axes x and Yy are approximately in the range between 120 m/s?® and 124 m/s?.

CONCLUSION

A matrix approach has been developed to study the dynamics of a specific discrete
mechanical system using the MatLab software package.

The research may find a practical orientation in studying the dynamics and strength of
railway axles in view of their optimal design, [10, 11].
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TPEOTEHMS HA EJJMOTUYEH JUCK OT MHEPLITUOHHO
CMYILIEHUE

Anacmac Heanoe Heanoe

Bucwe mpancnopmno yyunuwe ,, Tooop Kaonewkoe”
Cogusa, yn.”I'eo Munee” 158, 5’ bJII'APUA

Kntouoeu Oymu:. npunyoenu npocmpancmeenu mpenmeHus, eaunmuder Ouck,
UHEPYUOHHU CMYWeHUe, U30aupate, yucieno pewenue, MatLab
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Pesrome: B cmamusima ce uzcie08am npocmpaHCcmeeHume mpenmeHus Ha eaunmuyen
OUCK, C8bP3AH KOPABO C XOPU3OHMANeH yuiunopuuer éai. Hopmanama, kom pasnunama na
OUCKa, CKIIOY8A OCMbD bbll ¢ ocma Ha eand. Toil e npuem 3a udeaino eiacmuyen u b6esmee-
JIOBEH C KOPABUHA HA 02beaHe u ycykeane. ONOpHume 631U UMAM JUHEUHU elaCmUudHU
xapaxkmepucmuku. [Ipocmpancmeenume mpenmenusi Ha OUCKA ce NOPAXNCOAM Om uHep-
YUOHHO cMYywenue, pazeusaujo ce 6 Hecosama pasnuna. Cocmasena e npospama é cpedama
na MatLab-Simulink. ITonyuenu ca 3akonume na osudicenue, ckopocmume u YCKOPEHUsIMa no
gcuuxu 06006weHu koopounamu. H36vbpuienu ca uzducienus ¢ 6apupane Ha beoid Medlcoy
pasnunama Ha oucka u eana. Hanpasenu ca coomeéemmuu uzgo0u OmHOCHO Mo6a GlusHUe.
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